Introduction
The existence of modified wave operators in long range scattering has been known for some time ([1] to [5] ). The completeness for these wave operators for Coulomb potential was shown by Dollard [6] using an eigenfunction expansion. Various spectral properties have been obtained by Lavine [7] , Ikebe [8] and Saito [9] . The completeness problem for a large class of long range potentials was studied by Weidmann [10] and Georgescu [11] for the spherically symmetric case and by Ikebe and Isozaki [12] and Kitada [13] for more general situation. Also Agmon [14] has given a proof of completeness using eigenfunction expansion method. In the context of the algebraic theory of scattering (see [I] , Chap. 13), completeness for spherically symmetric potential was established by Thomas [15] .
More recently Enss ([16] , [17] ) and Perry [18] have proved completeness and absence of singular continuous spectrum for long range Schrodinger operators on L 2 (R V ) using time dependent methods. While Enss obtained his results for a>(2v+2)/(2v+3). Perry assumed a dilation analytic long range part as well as a>l/2. In this paper we prove the existence and completeness of the wave operators for a>l/2 without assuming dilation analyticity.
In section 2 we introduce the notations and state the assumptions made on the potentials. We also collect here some results on asymptotic evolution of certain observables and on smooth perturbations from [19] and [7] respectively. These are used in ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE. -0012-9593/85/01 57 31/$ 5.10/ © Gauthier-Villars 58 PL. MUTHURAMALINGAM AND K. B. SINHA section 6 to get higher order estimates in the asymptotic evolution of the observables. In section 3, the generalised coherent states are introduced and their properties stated. The section 4 is devoted to the proof of the main result while the more technical parts in it are relegated to sections 5 and 6. In the appendix the existence of the wave operators are obtained as a simple corollory.
Notations and preliminaries
Let Q=(Qi, . . .,Qv), P==(PI, . . .,Py) P/= -i'D/= -i8/9xj be the self adjoint operator families on L^R^, v^3 representing the position and momentum observables respectively. Let Ho be the unique self adjoint extension of -A/2=1/2P 2 , the free Hamiltonian and let (2.1) H^H+W^Q), H=Ho+W(Q).
In ( It is well known [I] , [20] , [21] X(r, P) will also be denoted by X(t) when no confusion is possible. It is established in [1] and [2] that the modified wave operators
exist; are isometrics and satisfy the intertwining property (2.5) V^=Q±U,.
Q±=5-limV*U(exp[-fX(r,P)]
t -»• ± 00 (2.6) and
.
The first type of wave operators is known to exist ( [I] , [2] ) and we shall give an independent proof in the appendix. The second wave operators for relative scattering also exist and are complete by virtue of the results of [7] . Thus by the chain rule of wave operators it suffices to show that Q± are complete in order to conclude the completeness of Q^. This is precisely the content of section 4. Here we state the result of [7] which takes care of relative scattering and which serves as an input to the calculations of section 6. Proof. -(ii) is the Kato-Agmon-Simon Theorem of [23] . The rest of the conclusions are essentially the content of the Theorem 1 of [7] .
Q.E.D.
We need also a result of [19] which we state as a theorem. We shall use the notation F(M) for the operator of multiplication by the characteristic function of the Borel set M c R\
Generalised coherent states and their properties
To prove Range Q±=Jf^(H), we use the idea of generalised coherent states ( [25] , [26] , [27] ).
Choose and fix c in (0, 1/3), TIG^R"), the Schwarz space of rapidly decreasing functions, such that f|-the Fourier transform of T| has (3.1) suppf|<=={feeRv:|fe|^c/8}.
We further normalize T| as
T|^ is called a generalised coherent state. For any Borel subset M of R" x ^ define an operator R (M) on L 2 (R") by
where the integral is to be interpreted in the weak sense. Then R is a positive operator valued measure defined on the Borel subsets of R" x R\ Furthermore, (3.6) O^R^N^^M^R^R^R^l.
Of special interest is when M = B x R v or R" x B, B Borel in R^ In such a case, R (B x R^, R (R V x B)] is a multiplication operator in the position [momentum space] respectively and is given by,
In (3.7), (3.8) ^ stands for the convolution operator and ^ the indicator function of B. All these results are contained in [25] and [27] .
Using (3.8) 
Main result
From the definition and existence of Q± it follows that 
Proof. -The proof of (i) is obvious. For (ii) note that D is dense in Jf^(H), and use (4.2), (i).
We now verify (ii) of Lemma 4.1 and this we split into two parts, one a result in the norm operator topology and the other one in the strong operator topology. We prove the result for t-> + oo only, the other case being similar.
Let/eD be such that H-spectral support of/is compact in (9c 2 /2, (18C 2 )" 1 ) for some c in (0,1/3). For r^Odefine 
( -»• oo
By using Theorem 4.3 it is easy to see that
As in the derivation of (4. 5) we have using (3.6), (3.12) and (4.6)
The result follows from (4. 5), (4.7) and the property R(MiUM2)^R(Mi)+R(M2).
Now we have the main result as:
(ii) Range Q^Jf^H'). (ii) Follows from (i). Theorem 2.1 (iv) and the chain rule for wave operators ( [I] , [2] . Q.E.D.
Proof of Theorem 4.2
The proof is in a sense similar to that of the existence of the wave operator Q+ given in [1] and [2] . All absolute constants will be denoted by the same letter K.
Since exp[-fX(r)] is feebly oscillating [I] , i.e.
5-lim exp [ -i X (t + s)] -exp [ -i X (t)] = 0 for each s,
we have 
The result will follow if every term of the right hand side of (5.3) converges to zero as 5 tends to oo.
First, we consider the second term.
The r-integrand of the second term of the right hand side of (5. 3)
Using Lemma 5.1 (ii) (see below) for the second term in the above expression and the fact m-l/2v>2 from (2.3) we get that the ^-integrand of the second term of the right hand side of (5. 3)
By virtue of the choice of P, the second term of right hand side of (5.3) converges to 0 as s -> oo. Similarly, the t integrand of the 7-th terms of the first summand of the right hand side of (5. 3)
Now using Lemma 5.1 (iv), (v), (iii), (ii) for 1st, 2nd, 3rd, 4th terms respectively we have that the right hand side of (5.4)
Thus the first term of the right hand side of (5. 3) also converges to 0 as s ^ oo. Q.E.D. We are left to prove Lemma 5.1 for which we use the method of stationary phase. (ii) We follow [26] and use (i). Writing out the integral for R(M(s 11 )) and recalling from (3.4) that || T)^ || = 1, we see that 
K^{(t-^s)/p}~m(t+s) m^ since l-a<P.
Substituting (5.6) in (5. 5) the result follows.
(iii) Similar to (ii).
(iv) Using monotonicity of R, (3.10) and the inequality R^R we have
Thus

IIU^P^exp^ipC^+st-X^DI^M^))!! ll^M^K^P^expOP^t+s^X^)]))!! F(\P\e[c,cl ])(8/8P,)exp(-i[X(t+s)-X(s)})\\ by (5.7)
KllFdPle^c-^r^TO+lTPl)-0 -!! Js^K IdTO^r^Kr 1 -01 .
Jo
(v) Similar to (iv). By (3.11), there exists SQ^I such that for S^SQ, O^R^NW^FdQl ^25^4-5-^(0), where |Q| 2 \|/(Q) is a bounded operator.
Therefore,
Proof of Theorem 4.3
A formal calculation shows that and so by Lemma 2.1 of [19] we get Theorem 4.3. In [18] the author derives a similar result using dilation analyticity for the potential W. We do not assume dilation analyticity, though, the potential W is C^ for sufficiently large m. If his method can be compared to Taylor's series, our method is like Taylor's formula with remainder. We give a heuristic argument how one can expect these results. By Corollory 2. 
(vii) {(adjf) (v[/ (H))} (H + i) -2 is bounded for \|/ in y (R), (viii) (H +1) [A, H] (H + i) -2 is bounded,
(ix) {(adiKH+O^H+O-^adAKH+O^H+O" 2 are both bounded, 
is bounded for v| / in y (R), (xiii) (adi)(\|/(H)) is bounded for ^ in ^(R), (xiv) A \|/ (H) (A + i) ~~1 is bounded for v| / in y (R),
Proof. -(i) and (ii) are obvious. (xv) It is easy to verify that
The result easily follows from (x), (iv), (xiv) (xvi) Similar to (xv). (xvii) and (xviii) are obvious. The result follows from (xviii), (xvii), (xix).
(xxi) Follows from (xiv), (xv), (xx) on using the identity
We shall need an interpolation result in the following form. This is fed back into the calculations to get the inequality 
(ii) By the commutation rules (;+A) (Ho+^'^l+lQl)" 1 is bounded and thus by the interpolation Lemma 6.2, we see that (6.3) (
Further,
The result follows from (6.2), (6. 3), (6.4) and the identitŷ^^^"^(
In what follows we shall often use the big 0 notation. 
for v| / in Co(0, oo). 
t ->• 00
The derivative in (ii) is strongly continuous for ^0 and thus the result follows by integrating (ii).
(iv) We deduce (iv) from (iii) by an appropriate choice of (p. The lower rate of r-decrease in the general case is therefore due to the fact that V* (A t~1 +f[A, H] 
t-»'00
Combining (A. 1) and (A. 2) we have the result. Q.E.D.
